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Abstract. In the five dimensional Kaluza Klein (KK) theory there is a well known class of static and
electromagnetic–free KK–equations characterized by a naked singularity behavior, namely the Generalized
Schwarzschild solution (GSS). We present here a set of interior solutions of five dimensional KK–equations.
These equations have been numerically integrated to match the GSS in the vacuum. The solutions are
candidates to describe the possible interior perfect fluid source of the exterior GSS metric and thus they
can be models for stars for static, neutral astrophysical objects in the ordinary (four dimensional) spacetime.
1 Introduction
Five dimensional (5D) original Kaluza Klein (KK) model
is one of the oldest multidimensional theory providing a
coupling between gravity and electromagnetism [1,2,3,5].
The U(1) gauge invariance arises as a spacetime symme-
try. This is realized imposing the invariance under trans-
lations on the compactified fifth dimension. Multidimen-
sional theories like String theory [6], Brane models [7] and
Supergravity [8] arise for many respects from the origi-
nal KK–idea. Great attention is devoted to any available
tests to probe the validity of these theories. The study
of the multidimensional stellar structure could be an in-
Send offprint requests to:
teresting area of investigation of the main astrophysical
implications of higher dimensional gravity. The analysis
of the stellar structures, arising from a model of grav-
ity with one or more extra dimensions, might constitute
therefore a natural arena to compare higher dimensional
theories of gravity with the astrophysical phenomenology.
Generalized Schwarzschild solution (GSS) is a family of
free–electromagnetic, stationary 5D–vacuum solutions of
KK–equations. In an asymptotic region of the class pa-
rameter the four dimensional counterpart metric of GSS
is the Schwarzschild background.
The GSS presents a naked singularity behavior that
resolves in a black hole one only in the Schwarzschild
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limit [9,11,12]. But despite of the naked singularity nature
showed far from the Schwarzschild limit, GSS solutions are
supposed to describe in principle the exterior spacetime of
any astrophysical sources that satisfy the required metric
symmetries. Therefore many attempts have been made to
study the proprieties of such spacetime ones matter is in-
cluded. In [15] an interior solution of the KK–equations is
considered to match, on the effective exterior spacetime,
the GSS.
In this paper we show a set of KK–interior solutions.
We consider in particular a free–electromagnetic, station-
ary, 5D–KK–model within the compactification and cylin-
drical hypothesis. 4D–equations are recovered after the
KK–dimensional reduction of the 5D–equations by the
Papapetrou procedure. Considering a perfect fluid 4D–
energy–momentum tensor, with a polytropic equation of
state, the solutions are recovered to match the GSS in the
vacuum. This paper is organized as follows: in Sec. (2) we
will briefly introduce the KK–paradigm. In Sec. (3) we
will face the revised approach to matter and dynamics in
KK-theory. The GSS metric is introduced in Sec. (4). The
interior solution will be discussed in Sec. (5). Concluding
remarks follow, Sec. (7)
2 5D–KK–model
We consider a 5D–compactified KK–model (see for in-
stance [4,5]). KK–spacetime is a 5D–manifoldM5, direct
productM4⊗S1, between the ordinary 4D–spacetimeM4
and the space–like loop S1. In order to have an unobserv-
able extra dimension the size on the fifth dimension is
assumed to be below the present observational bound or
L5 ≡
∫
dx5
√−g55 < 10−18cm, (1)
(Compactification hypothesis). Condition (1) implies that
metrics components do not depend on the fifth coordi-
nate (Cylindricity hypothesis): in fact it is assumed we
are working in an effective theory valid at the lowest or-
der of the Fourier expansion along the fifth dimension [9,
10].
Finally, it is assumed that the (55)–metric component
is a scalar. Being g55 = −φ2 in Eq. (1), the extra scalar
field φ acts as a scale factor governing the expansion of
the extra dimension. The KK–setup is characterized by
the breaking of the 5D–covariance and the 5D–equivalence
principle [5].
3 Papapetrou’s approach in KK–gravity
In [16,17,18] the KK–field equations in presence of a generic
5D–matter energy momentum tensor have been reformu-
lated within the compactification hypotheses. Extending
the cylindricity hypothesis to the 5D–matter tensor this
becomes localized only in the ordinary 4D–spacetime but
delocalized in the extra (compactified) dimension.
Then a Papapetrou multipole expansion [37] of the
5D–energy momentum tensor is performed. Performing
the dimensional reduction either for metric fields and for
matter ones it is provided a consistent approach that re-
moves the problem of huge massive modes. Hence a con-
sistent set of equations is wrote down for the complete
dynamics of matter and fields; with respect to the pure
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Einstein–Maxwell system there are now two additional
scalar fields: the usual KK–scalar field, φ, plus a scalar
source term, ϑ ≡ l(5)φT55, where T55 is the (55) compo-
nent of the energy momentum tensor, given the coordinate
length of the extra dimension l(5) =
∫
dx5. In the cylin-
drical hypothesis it is L5 = φl(5). The simplest scenario,
in which ϑ = 0, assures the particles mass is constant and
the free falling universality of particles is recovered [12].
In Sec. (3.1) we will consider in details the Papapetrou
approach to KK–particle dynamics, and in Sec. (3.2) we
shall briefly discuss the matter equations in the KK–scenario
as developed by the revised approach a la´ Papapetrou.
3.1 KK–particle dynamics
Matter dynamics in KK–theories is generally faced assum-
ing, within the framework of the geodesic approach, the
existence of a 5D–point–like particle governed by a 5D–
Klein–Gordon equation like1 PAP
A = m5, where PA is the
5-momentum andm5 is a constant mass parameter associ-
ated to the particle. Component P5 is conserved. Particle
charge q is defined
q =
√
4GP5 where PµP
µ = m25 + P
2
5 /φ
2. (2)
G is the 4D–gravitational constant2, the 5D–velocities ωA
and 4D–velocities uA are defined respectively as
ωA ≡ dx
A
ds(5)
, uA ≡ dx
A
ds
, (3)
1 With Latin capital letters A we label the five dimensional
indices, they run in {0, 1, 2, 3, 5}, Greek indices α run from 0
to 3, x5 is the angle parameter for the fifth circular dimension.
2 We use units of ~ = c = 1.
with ωA = αuA and
gABω
AωB = 1, gabu
aub = 1, (4)
where the α parameter reads α ≡ ds/ds(5), and ds (ds(5))
states for the 4D (5D)–line element. The 5D–momentum
reads
(5)PA ≡ m(5)ωA = m(5)αuA, (5)
where (4)PA ≡ m(5)uA.
In [16,12,17] is assumed that, as a consequence of the
compactification, test particles are described as a localized
source only in M4 but are still delocalized along the fifth
dimension. KK–dynamics is therefore reformulated by a
multipole expansion a la´ Papapetrou.
A 5D–energy–momentum tensor (5)T AB is associated
to a generic 5D–matter distribution governed by the con-
servation law (5)∇A (5)T AB = 0, where ∂5 (5)T AB=0. Here
(5)∇ ((4)∇)is the covariant derivative compatible with the
5D–metric (4D–counterpart metric (ds)).
Performing a multipole expansion of (5)T AB centrad on
a four dimensional trajectory Xµ, such a procedure pro-
vides, at the lowest order, the following equation:
muµ (4)∇µuν = (uνuρ − gνρ)
(
∂ρφ
φ3
)
A+ qF νρuρ, (6)
F νρ being the Faraday tensor, with the quantities
m =
1
u0
∫
d3x
√−g4φ (5)T 00, (7)
q = ekˆ
∫
d3x
√−g4φ (5)T 05 , (8)
A = u0
∫
d3x
√−g4φ(5)T55, (9)
where
√−g4 is the determinant of the 4D–metric, TAB =
T ABl(5) and ekˆ reads (ekˆ)2 = 4Gc2 . Eq. (6) describes the
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motion of a point–like particle of mass m in the 4D–
spacetime, coupled to electromagnetic field through charge
q and to the scalar field by the new quantity A. The con-
tinuity equation (4)∇µ (4)Jµ = 0, derived within the pro-
cedure itself, implies that charge q is still conserved.
It can be proved that in such a scheme the KK–tower
of massive modes is suppressed and that now particle’s
motion is governed by a dispersion relation PµP
µ = m2,
where dimensional index (4) is dropped. Nevertheless, as
a consequence of the coupling to the scalar field, the mass
m is generally no more constant, but is governed by the
following equation[12,18]:
∂m
∂xµ
= − A
φ3
∂φ
∂xµ
. (10)
There exist a particular scenario where the conservation of
the mass (A = 0), or at least the validity of the free falling
universality (A∞mφ2), is recovered. Topic is discussed in
more details in the cited works.
Particles characterized by A = 0 just follows a geodesic
equation:
ua (4)∇aub = 0 , (11)
where even the usual scalar field coupling term disappears.
Therefore, these particles, whatever are their charges, turn
out to be free also in ( (4)M, (4)gab).
3.2 KK–field equation
The full system of 5D–Einstein equation in presence of
5D–matter described by a 5D–matter tensor T AB is:
5GAB = 8πG5T AB, (12)
where the following 5D–Bianchi identity holds
5∇ATAB = 0, (13)
while from the cylindricity hypothesis concerning the mat-
ter field it is
∂5T
AB = 0, (14)
whereG5 is the 5D–Newton constan,. where T
AB = T ABl(5),
and G = G5l
−1
(5) . The components T
µν, T µ5 , T55 are a 4D–
tensor, a 4D–vector and a scalar respectively. Introducing
the quantities
T µν
matter
= l(5)φT µν = φT µν , jµ = ekφT µ5 , (15)
and ϑ = φT55, we have:
∇µjµ = 0, (16)
that introduces a conserved current jµ, related to the U(1)
gauge symmetry and coupled to the tensor Fµν , together
with the conservation equation for T µνmatter
∇ρ (T µρmatter) = −gµν
(
∂ρφ
φ3
)
ϑ+ Fµρj
ρ, (17)
coupled to the field φ and Aµ by the matter terms T55 and
jµ and representing the energy–momentum density of the
ordinary 4D–matter.
In the limit φ = 1 we recover the conservation law for
an electrodynamics system, and setting T55 = j
µ = 0 we
recover the conservation law ∇T µν
matter
= 0.
Taking now into account these definitions, the reduc-
tion of Eq. (12) leads to the set
Gµν =
1
φ
(∇µ∂νφ+ 8πT µνemG− gµν✷φ+ 8πGT µνmatter) ,(18)
✷φ =
8π
3
G
(
Tmatter + 2
ϑ
φ2
)
−Gφ3FµνFµν , (19)
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for the Einstein and KK–field, where
R
2
= −3φ
3(ek)2FµνFµν
8
+ 8πG
ϑ
φ3
. (20)
The conservation equation becomes therefore
∇r (T µρmatter) = −gµν
(
∂ρφ
φ3
)
ϑ+ Fµρj
ρ, (21)
where the KK–Maxwell equation is now
∇ν
(
φ3F νµ
)
= 4πjµ, (22)
and
T µνmatter ≡ l(5)φT µν , jµ ≡ l(5)φT µ5, G =
G(5)
l(5)
, ϑ ≡ l(5)φT55.
(23)
4 Generalized Schwarzschild Solution
The GSS is a family of free–electromagnetic, stationary
5D–vacuum solutions of KK–equations.
Adopting 4D–spherical polar coordinates3 {t, r, θ, ϕ}
where dΩ2 ≡ sin2 θdϕ2 + dθ2 the GSS reads4
ds2(5) = ∆
ǫkdt2−∆−ǫ(k−1)dr2−r2∆1−ǫ(k−1)dΩ2−∆−ǫ(dx5)2,
(24)
where∆ = (1− 2M/r),M > 0 is a constant, ǫ = (k2 − k + 1)−1/2
and k is a positive dimensionless parameter. Each values
of the k sets a specific metric tensor and it characterizes
the spacetime external to any astrophysical object.
On the spacetime section dx5 = 0, the Schwarzschild
solution is recovered for k →∞, where in this limit M is
the Schwarzschild mass.
3 Consider t ∈ ℜ, r ∈ ]2M,+∞] ⊂ ℜ+, ϑ ∈ [0, pi], ϕ ∈ [0, 2pi]
4 Here c = G = 1.
2.00 2.05 2.10 2.15 2.20
1
2
3
4
5
6
rM
Φ
k=2.2
k=5
k=10
k=1000
Fig. 1: The extra-dimensional scale factor φ =
√−g55 as
function of r/M , for different values of k.
GSS metrics are asymptotically flat and, for each finite
value of k, GSS has a naked singularity situated in r =
2M , where the 5D–Kretschmann scalar and the square of
the 4D–Ricci tensor diverge.
Moreover, as r approaches 2M , gtt reduces to zero
while g55 explodes to infinity, therefore the length of the
extra dimension increases as well as r approaches 2M . It
is possible to see that, at decreasing values of k, at fixed
r/M the 5D-scale factor φ increases5, Fig. (1).
Metric shows a pathological behavior as r = 2M . To
investigate the nature of such a pathology we consider the
values of one of the curvature invariants in that point.
First we consider what happens in the five dimensional
spacetime. The Kretschmann scalar (5)K1 ≡ RABCDRABCD
is
(5)K1 =
48M4
r8
(
1− 2M
r
)2ǫ(k−1)−4
5 However as r → 2
(
1 + 10−6
)
, for example, φ(k = 2.2) =
37.3618.
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[
r
M
− 1 + ǫ
(
ǫ2 + 1− 2k +√ǫ4 − 2kǫ2 − 1)
2
]
[
r
M
− 1 + ǫ
(
ǫ2 + 1− 2k −√ǫ4 − 2kǫ2 − 1)
2
]
.
This quantity diverges as r → 2M . This fact suggests r =
2M as “real” singularity for the (5)M endowed with metric
(24). The Kretschmann invariant K1 of the Schwarzschild
spacetime is recovered
K1 =
48M2
r6
,
as one takes the limit k→∞. Nevertheless to explore the
solution behavior for radius close to r = 2M in the cor-
responding (4)M , we calculated the Kretschmann scalar
(4)K1 = RabcdR
abcd relative to the ordinary four dimen-
sional spacetime
(4)K1 = −24M
4
r8
(
1− 2M
r
)2ǫ(k−1)−4 (
ǫ2 − 2)
(
r
M
− ǫ
[
3 + 3ǫ+ 2k
(
ǫ2 − 3)]− 6
3 (ǫ2 − 2)
−ǫ
√
(2 + k)ǫ4 + (1− 6k)ǫ2 − 3
3 (ǫ2 − 2)
)
(
r
M
− ǫ
[
3 + 3ǫ+ 2k
(
ǫ2 − 3)]− 6
3 (ǫ2 − 2)
+ǫ
√
(2 + k)ǫ4 + (1− 6k)ǫ2 − 3
3 (ǫ2 − 2)
)
.
This quantity diverges for r → 2M for any fixed values
of k > 0. To evaluate the balance between the two limits,
one for large values of k–parameter and the other for r
close to the Schwarzschild horizon we also made the series
of (4)K1 for k →∞ at some fixed value of r, the first three
terms are
(4)K1 =
48M2
r6
−48M
2 ln
[
1− 2Mr
]
kr6
−4M
2(r − 3M) (6r − 11M)
k2r6(r − 2M)2 +
+
12M2 ln
[
1− 2Mr
] (
2 ln
[
1− 2Mr
]− 5)
k2r6
+O
[
1
k
]3
The Kretschmann invariantK1 of the Schwarzschild space-
time is recovered as one takes the limit k →∞. The other
invariant we analyzed is the square of the Ricci tensor for
the effective 4D–spacetime (4)K2 ≡ RabRab
(4)K2 = −
(
1− 2M
r
)2ǫ(k−1)
2M4ǫ2
r4(r − 2M)4 {2Mr[3 + ǫ(2k − 3)]
−3r2 +M2{ǫ[6 + 2k(ǫ− 2)− ǫ]− 5}} (25)
this quantity reduces in the Schwarzschild limit (4)K2 = 0,
for k →∞ at some fixed value of r, the first non vanishing
term is
(4)K2 =
2M2
(
9M2 − 10Mr + 3r2)
r6(−2M + r)2k2 +O
[
1
k
]3
. (26)
We have to conclude that the point r = 2M is a physi-
cal singularity in the 5D–manifold as for the ordinary 4D
spacetime for all k > 0.
The GSS naked singularity is surrounded by the in-
duced scalar matter with a trace free energy momentum
tensor. The gravitational mass Mg defined as
6
Mg =
∫
(T 00 − T 11 − T 22 − T 33 )
√−g4dV3 (27)
is, in the Schwarzschild limit, Mg = M ; while, for each
finite value of k, it is Mg = ǫkM at infinity and it goes to
zero as r closes the singularity.
4.1 Particle motion
The following conserved quantities characterize test parti-
cle motion in a GSS spacetime: Eǫk ≡ ξa(t)Pa, Lǫk ≡ ξa(ϕ)Pa,
6 dV3 is the ordinary spatial 3D–volume element
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where ξa(t) and ξ
a
(ϕ) are metric Killing fields, or also
Eǫk ≡ E∆kǫ−1, Lǫk ≡ L∆(1−k)ǫ+1 , (28)
where Eǫk = E and Lǫk = L in the Schwarzschild’s limit
where
E
m
=
(r − 2M)√
r(r − 3M) ;
L
m
=
√
r2M
(r − 3M) , (29)
we interpret Eǫk and Lǫk as energy at infinity of the particle
and total angular momentum, respectively. In terms of
these quantities the lagrangian density Lǫk is defined as
follows:
Lǫk ≡ −m2∆−ǫ(k−1) (r˙)2 + E2ǫk∆−ǫk − L2ǫkr−2∆ǫ(k−1)−1
(30)
Here r˙ ≡ ur, (see also[12] and [13,14].
4.1.1 Equatorial orbits
The effective potential Vǫk ≡ E/m, for massive test par-
ticles in an equatorial orbit (with k ≥ 1) is defined as
follows:
Vǫk ≡
√
g00
(
1− L
2
ǫk
m2gϕϕ
)
. (31)
Studying Vǫk as function of the orbit radius r, we find
the particle energy Eǫk and the angular momentum Lǫk of
circular orbits: they are
Eǫk
m
= ∆
kǫ
2
√
1 +
ǫk
ǫ(1− 2k) + ( rM − 1) , (32)
L±
ǫk
mM
= ±
√
ǫk r
2
M2∆
[(1−k)ǫ+1]
ǫ (1− 2k) + ( rM − 1) . (33)
[12]. Last circular orbit radius is
rlco = [1 + ǫ(2k − 1)]M , (34)
2 4 6 8 10
2
3
4
5
6
k
r
M
rlsco
rlco
Fig. 2: Last circular orbits radius rlco/M (gray line) and
last stable circular orbit radius rlsco/M (black line) as
functions of the k-parameter are plotted. For large value
of k ≥ 1 the last circular orbit radius approaches to rlco =
3M (its Schwarzschild’s limit). Otherwise rlco < 3M : cir-
cular orbits (unstable and stable) are possible also in a re-
gion r < 3M . Last stable circular orbit radius approaches
rlsco = 6M (its Schwarzschild’s limit) for large value of
k ≥ 1. Otherwise rlsco < 6M : stable circular orbits are
possible also in a region r < 6M .
where rlco < 3M and approaches this limit when k goes to
infinity [12,18]. On the other side, as k approaches smaller
values, last circular orbits radius approaches the point r =
2M Fig. (2); for k = 1 it is rlco ≡ 2M . This fact suggests
to check for circular orbits situated in a region avoided by
the 4D–Schwarzchild’s physics. The aim of the next part
of this section is to explore the stability of such orbits.
First, effective potential has two turning points located in
r±/M =
[
1 + ǫ(3k − 2)± ǫ
√
(k − 1)(4k − 1)
]
M where in
the Schwarzschild’s limit r+ ≡ 6M ad r− ≡ 2M . We infer
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2 4 6 8 10
0.5
1.0
1.5
2.0
2.5
3.0
3.5
k
Llsco HmML
Elscom
Fig. 3: The Elsco/m (black line) and Llsco/m (gray line)
in the circular orbits are plotted as k-parameter functions.
Schwarzschild’ limits for the energy and the angular mo-
mentum are also plotted (dashed lines). The energy Elsco
is always under its Schwarzschild limit while Llsco, for
k > 3.45644 is over the Schwarzschild limit.
also from this fact that last stable circular orbit radius is
rlsco =
[
1 + ǫ(3k − 2) + ǫ
√
(k − 1)(4k − 1)
]
M . (35)
While in the Schwarzschild’s limit we have rlsco ≡ 6M ,
here it is rlsco < 6M ∀k > 1 and for k = 1 we have
rlsco = 2M ; this remarkably aspect of the circular mo-
tion in the GSS spacetime could be a valid constraint to
the theory implying particles in stable orbits for values of
radius just less than 6M . Finally, another orbital deforma-
tion induced by the compactified fifth dimension appears
in the values of the energy and angular momentum of the
last stable circular orbits: the energy Elsco = Eǫk(rlsco) is
always below its Schwarzschild’s limit (Elsco =
2
√
2
3 m =
0.942809m) for all values of k & 1, while the angular mo-
mentum Llsco = Lǫk(rlsco) is over the Schwarzschild’s
limit (Llsco = 2
√
3Mm = 3.4641Mm) value for k >
3.45644, Fig. (3).
4.1.2 Radially falling particles
We consider here vertical free falling test particles in the
GSS-background. To begin with, we note at first that the
motion will be described by θ˙ = φ˙ = 0. Particle motion
will be regulated by the t-component and r-component of
the geodesic equation (11). However, radial motion has
been extensively studied in literature, see for example [9,
43]. We review here the main results and point out some
considerations based on the interpretation given by the
Papapetrou’s approach. Particular attention is devoted to
the dynamics in a region close to the singularity ring r =
2M .
From (30) we infer:
∆−ǫkE2
ǫk
−m2∆−ǫ(k−1) (r˙)2 ≡ 1 . (36)
[9]. The coordinate velocity component in the r-direction
is vr ≡ r′ = dr/dt. For a particle starting from a point at
(spatial) infinity we have:
dr
dt
= −∆ǫk−ǫ/2
√
1−∆ǫk . (37)
The locally measured radially velocity is vr∗ ≡ r′∗ = dr∗/dt
where dr/dr∗ =
√
gtt/grr = ∆
ǫk−ǫ/2. Therefore we can
write
dr∗
dt
= −
√
1−∆ǫk , (38)
where vr and vr∗ are function of (r, k). Both converge
to zero at (spatial)-infinity. The radial velocity vr goes to
zero in the limit r → 2M , Fig. (4), and the local measured
velocity vr∗ goes to (−1) in the limit r → 2M , Fig. (5).
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v
k=2.12
k=1000
L
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v
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r=2.02M
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Fig. 4: The picture shows the coordinate velocity component in the r-direction vr ≡ r′ = dr/dt, for a particle starting
from a point at (spatial) infinity as function of r/M (a) for selected values of the k-parameter, and in (b) as function
of the k-parameter at different values of r/M close to 2M .
0 20 40 60 80 100
-1.0
-0.8
-0.6
-0.4
-0.2
rM
v r
*
k=2.12
k=1000
L 0 20 40 60 80 100
-1.01
-1.00
-0.99
-0.98
-0.97
-0.96
-0.95
k
v r
*
r=2.2 M
r=2.02M
r=2H1+10-6 L M
Fig. 5: The picture shows the locally measured radially velocity vr∗ ≡ r′∗ = dr∗/dt, where dr/dr∗ =
√
gtt/grr =
∆ǫk−ǫ/2, as function of r/M (left panel) for selected values of the k-parameter, and in (right panel) as function of the
k-parameter at different values of r/M close to 2M .
The evaluation for r∗ is given as follows:
r∗
M
= 2
(
2− r
M
) (2k−1)ǫ
2
( r
M
− 2
) (1−2k)ǫ
2
B
[
r
2M
, 1− ǫ
2
+ ǫk,
ǫ(1− 2k + 2ǫ )
2
]
+ C[k] . (39)
We have the incomplete beta function B[x, a, b] = Bx(a, b)
where C[k] is a (imaginary)-constant of integration, to be
fixed in agreement to the Schwarzschild’s limit and the
reality condition of the solution. However, r∗ always goes
to infinity at (spatial)–infinity. The picture is much more
complex close to the point r = 2M ; it strongly depends of
the particular GSS solution, being r∗(2M) a function of k.
Indeed, for a fixed value of k, r∗(2M) is a negative number
that approaches to (−∞) as well as k →∞ Fig. (6).
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Fig. 6: The radius r∗/M is plotted as function of r/M for
selected values of k. Here dr/dr∗ =
√
gtt/grr = ∆
ǫk−ǫ/2.
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k
Ρ
Fig. 7: The radius ̺ at which the radial velocity r′ starts
to decreases is plotted as function of k-parameter. In the
Schwarzschild’s limit it reduces to ̺ = 6M , otherwise ρ =
ρ(k) < 6M .
In agreement with [43] , the radius ̺, at which the
radial velocity r′ starts to decreases, is
̺ = 2M
[
1−
(
2k − 1
3k − 1
)1/(ǫk)]−1
, (40)
that in the Schwarzschild’s limit reduces to ̺ = 6M , oth-
erwise we have ρ = ρ(k) < 6M Fig. (7).
5 The interior solution
The KK–equations (18–20) for the free electromagnetic
case with ϑ = 0 are,
Gµν =
1
φ
(∇µ∂νφ− gµν✷φ+ 8πGT µνmatter) ,
∇ρ (T µρmatter) = 0, R = 0,
✷φ =
8π
3
(Tmatter) . (41)
where Tmatter ≡ gµνT µνmatter. GSS is a solution of eqs. (41)
with T µν
matter
= 0. We consider a (4D) perfect fluid energy
momentum tensor, T µνmatter ≡ T µν :
Tµν = (p+ ρ)uµuν − pgµν . (42)
where p is the pressure, ρ the density. Therefore eqs. (41)
became
Gµν =
1
φ
(
∇µ∂νφ− gµν 8π
3
(ρ− 3p) + 8πTµν
)
, (43)
✷φ =
8π
3
(ρ− 3p) , ∇ρ (T µρ) = 0. (44)
We look for a solution of eqs. (43, 44) that matches the
GSS on a certain radius r = R where p(R) = 0. In order
to do this we considered an equation of state p = aρb with
(a, b) constants and a metric solution of the form7
ds2
(5)
= fdt2 − hdr2 − qdΩ2 − φ2(dx5)2, (45)
where (f, h, q, φ) are functions of r only. From the conser-
vation equation in (44) we obtain
f(r) = c
(
ρ(r)
ρ(r) + aρ(r)b
) 2b
b−1
, (46)
where the constant c must be fixed to match the exterior
solution(GSS). Noting that the equations do not change
7 Consider t ∈ ℜ, r ∈ ]0,+∞] ⊂ ℜ+, ϑ ∈ [0, pi], ϕ ∈ [0, 2pi]
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under the transformation f(r)→ f(r)/c, the solution (46)
is substituted in the set eqs. (43, 44). We integrated nu-
merically the three independent equations, the (tt) (rr)
components of the Einstein equations and the Klein Gor-
don equation, for the variables ∆,φ, and ρ where
h(r) = ∆(r)−ǫ(k−1), q(r) = ∆(r)1−ǫk−1), (47)
and ∆(r) is now an unknown function of the radial coor-
dinate. To establish the initial conditions we imposed
φ0 ≡ φ(0) =
(
1− 2
x
)−ǫ/2
, (48)
φ′0 ≡ φ′(0) = −
ǫ
(
1− 2x
)−(1+ ǫ2 )
x2
. (49)
Therefore, for fixed values of a, b and ρ0, we solved an
“eigenvalue” problem for x, where x is fixed to verify the
match conditions
∆(R) =
(
1− 2
R
)
, ∆′(R) =
2
R2
, (50)
φ(R) =
(
1− 2
R
)−ǫ/2
, (51)
φ′(R) = −
(
1− 2R
)−1− ǫ2 ǫ
R2
. (52)
Some solutions, for different values of k, are plotted in
Fig. (8).
The index b has been fixed b = 4/3. Four different
cases of k ∈ {2.2, 5, 10, 1000} have been considered. Thus,
the Einstein-Klein-Gordon equations have been integrated
for a fixed central density ρ(0). In the recovered solutions
the interior ordinary 4D matter is characterized by a poly-
tropic equation of state p(ρ) = aρ4/3. The integration pro-
cedure leads to a constant a ≈ 0.4, for each values of k
and ρ0. The central density ρ0 decreases increasing the k
parameter. In this configurations the scalar field matter,
solution of massless Klein-Gordon equation is coupled to
this matter by Eq. (44).
The physical proprieties of each solutions and the as-
trophysical implications of their existence requires a more
detailed investigation and it will be discussed elsewhere [19].
6 Furthers applications
We conclude this discussion briefly introducing the pos-
sible concrete applications of the analysis of the interior,
stellar solutions associated to the GSS family of metrics.
Stellar models in extended or higher dimensional theo-
ries of gravity have been extensively studied in literature,
in many contexts (see for example [20,21,22,23,24,25,26,
27,28]).
For example, it could be interesting to compare with
other alternative proposals where stellar solutions are de-
rived. In view of this, we consider, for instance, the results
reported in [20] in which the hydrostatic equilibrium and
stellar structure in f(R) gravity has been studied. As well
enlighted in [20] the strong gravity regime is a valuable
way to check the validity of the extended and the multidi-
mensional theories of gravity, in particular the formation
and the evolution of stars can be considered suitable test
for these theories.
The study of stars in five dimensional Kaluza Klein
gravity could develop in two main directions that are also
future developments on this work: the extensive study of
the phenomena around the 4D stellar objects and the com-
prehension of the dynamics of such kind of objects.
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Fig. 8: Metric coefficients, f (dotdashed line), h (dotted line), q (dashed line), φ (black line) and the density ρ (gray
line), where p = aρb, as functions of the radial coordinate, in unit of mass M , for different values of k, for b = 4/3.
For k = 2.2 (upper left panel), x = 1.7 · 105, a = 0.36, ρ0 = 3.9. For k = 5 (upper right panel), x = 9 · 105, a = 0.399,
ρ0 = 2.6. For k = 10 (bottom left panel), x = 2 · 104, a = 0.4, ρ0 = 2. For k = 103 (bottom right panel), x = 300610,
a = 0.39, ρ0 = 1.9.
In the compactification hypothesis is predominant the
idea to find a possible field of phenomena in which the
presence of the extra dimension takes evidence. This fact
has to be taken seriously into account especially in those
contexts in which the strong gravity effects could matches
the physics of the Planck scale [29]. On one side, atten-
tion is for example devoted to the microphysics of the
LHC to search for a sign of the Planck scale length di-
mension [30,31,32,33], but many efforts are also given to
the comprehension of the higher energy astrophysical phe-
nomena linked to the life steps of stellar evolution and
that could be a natural arena in which explore the effects
of a multidimensional theory [34,35], especially for those
cases in which the standard models of stellar structure and
evolutions does not properly collide with observed data;
suggesting therefore a different or a modification of the
basic mechanics that rules stars matter and life [36]). An
example can be provided by the magnetars or anomalous
neutron stars, (see for example [20] and reference therein).
The exploration of the motions in the vacuum space-
time, partially faced here and in [12,38] within the Pa-
papetrou approach can be completed by the analysis of
the emission processes induced by charged particles in
the GSS background. The comparison in particular of the
electromagnetic emission spectra due to a freely falling
charged test particle, and in general the test particle dy-
namics, in the GSS and in Schwarzschild background could
get light on physics around the singular ring r = 2M ,
whose naked singularity nature is actually ambiguous (see
also [39,40] and [41,42]). However the solution of the equa-
tions governing the emission process should strongly de-
pend on the boundary conditions imposed on the equa-
tions. A comparison between the electromagnetic emission
by radially falling charged particles in the GSS and stellar
case could be strongly discriminant.
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7 Conclusions
The aim of this work was to verify the existence of an in-
terior solution of the KK–equations to mach with the vac-
uum spacetime of the Generalized Schwarzschild solution
characterized by a naked singularity. For this purpose we
solved the set of five dimensional static, electromagnetic-
free KK–equations. These have been numerically integrated
for a (4D) perfect fluid energy momentum tensor with a
polytropic equation of state. These solutions are matched
with the Generalized Schwarzschild solution.
There is a great interest in providing a theoretical
model able to explain the role of the extra dimensions
and their compatibility in a world that looks like a four
dimensional one.
Therefore any experimental observation compatible with
such theories could be a strong constraint concerning their
validity for example by exploring the dynamical effects of
the extra compactified dimension. Using an effective po-
tential approach to the motion, we showed the last circular
orbit radius and in particular the last stable circular orbits
radius of a charged or neutral test particles [12]. The de-
tailed study of the physical features on such astrophysical
objects will be a future work.
The study of bounded configurations in KK–paradigm
is intriguing for many respects: from one side it could rep-
resent an environment in which an hypothetical extra di-
mension shows a recognizable fingerprint on the dynamics
and global properties of these objects. On the other side
the interior solutions for the GSS–like spacetime are par-
ticular interesting if the GSS is read as KK–generalization
of a Schwarzschild metric for an electrically neutral spher-
ically symmetric 4D–object. In fact, if the final state of the
star evolution in the Schwarzschild spacetime could lead
to a 4D–black hole, the final state of an neutral spheri-
cally symmetric 4D–object in GSS should lead to a naked
singularity for the ordinary 4D–spacetime. Nevertheless
both the solutions describe neutral spherically symmet-
ric 4D–object the difference being in the presence, for the
KK–solution, of a coupling with a scalar matter. In this re-
spect, the comprehension of the mechanisms under these
different evolutions of the neutral spherically symmetric
4D–object, one in the general relativistic framework, and
the other with the contribution of a scalar field in the GSS,
is challenging, [47,46,45,44].
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